Introduction
In their paper, Borwein and Borwein [39] introduced and studied the following They have also proved that a 3 = b 3 +c 3 which is a beautiful cubic analogue of Jacobi's fundamental theta function identity. The identity (6.1.4) is found on page 328 in the unorganized portions of Ramanujan's second notebook [70] , [23, Chapter 25, Entry 27] and was proved by Berndt [21, Chapter 21, Eq. (3.6) ] in the course of proving some related identities in Section 3 of Chapter 21 in Ramanujan's second notebook [70] . It was also proved by Hirschhorn, Garvan and Borwein [64, p. 683] and Cooper [53, Corollary 3.10, Eq (3.11) ] as a special case of some general formula. Their work was motivated by an attempt to develop a theory of elliptic functions to the septic base. They established many interesting identities including one which is analogue of (6.1.4), namely,
They also provided the following generalization of (6.1.8):
The cubic theta functions defined by (6.1.1)-(6.1.3) play an important role in establishing one of Ramanujan's alternative theories of elliptic functions (see [26]) and in the theory of representations of integers (see [24] Motivated by these works, in the present chapter, we define three new functions which are generalizations of the cubic theta functions defined in (6.1.1)-(6.1.3) as follows:
where ω = exp(2πi/3), z 1 , z 2 are nonzero complex numbers and α, β, γ are integers selected in such away that the series in the right hand sides of (6.1.20)-(6.1.22) are convergent.
The main purpose of Chapter 6 is to reveal new and exciting connections between the Ramanujan's general theta function and our generalizations of Borweins' cubic theta functions. This paper is organized as follows. In Section 6.2, we derive a lemma, which is necessary to prove some of our results. In Section 6.3, we establish two identities that are generalizations of the identities (6.1.5) and (6.1.6). In Section 6.4, we establish a general formula to express the function a(α, β, γ, z 1 , z 2 ; q) in terms of Ramanujan's theta functions f (a, b) and its special cases. As a corollary of this formula, we find a generalization of (6.1.4), (6.1.8) and (6.1.9). In Sections 6.5 and 6.6, we do the same for b(α, β, γ, z 1 , z 2 ; q) and c(α, β, γ, z 1 , z 2 ; q). To prove our main theorems, we use the idea of Watson [84] which he has used to prove some of the well-known Ramanujan's forty identities.
Preliminary Results
In this section, we present some preliminary results which we need to prove some of our results. We also present some basic properties of our functions defined in (6.1.20)-(6.1.22), which are required to prove some of our results.
Using (1.2.2), (4.2.2) and elementary manipulations of infinite products, one can easily verify the following lemma:
Lemma 6.2.1. We have
Our functions a(α, β, γ, z 1 , z 2 ; q), b(α, β, γ, z 1 , z 2 ; q) and c(α, β, γ, z 1 , z 2 ; q) with α, γ > 0 satisfy the following basic properties: (6.2.20) 6.3 Generalizations of (6.1.5) and (6.1.6) Theorem 6.3.1. For α = 4α − 2β + γ, β = 4α + β − 2γ and γ = α + β + γ, we have 2 b(α, β, γ, 1, 1; q) = 3 a(α , β , γ , 1, 1; q) − a(α, β, γ, 1, 1; q), (6.3.1) 2 c(α , β , γ , 1, 1; q) = a(α, β, γ, 1, 1; q) − a(α , β , γ , 1, 1; q).
Proof. By (6.1.21), we have
In the above identity, we replace n by n − p (bijectively), to find that
In a similar way, we also have
From (6.3.3) and (6.3.4), we can easily obtain (6.3.1) and (6.3.2).
Using the above theorem and the properties (6.2.5), (6.2.6), (6.2.12), (6.2.19) and by setting α = β = γ = z 1 = z 2 = 1, it is easy to verify the following corollary:
Corollary 6.3.2. The identities (6.1.5) and (6.1.6) hold.
6.4 Identities for the function a(α, β, γ, z 1 , z 2 ; q)
Theorem 6.4.1. For any integers β, γ, k and l such that k ≥ 1, k ≥ l ≥ 0 and
Proof. We have
(6.4.2)
In (6.4.2), we make the change of indices by setting lm + n = kM + s and (l − k)m + n = kN + t, where s and t have values selected from the complete set of residues modulo k given
Since k, l, m, n, M and N are all integers, it follows easily by the above equations that s = t, and so m = M − N and n = (k − l)M + lN + s, where
Thus, there is one-to-one correspondence between the set of all pairs of integers (m, n), −∞ < m, n < ∞, and triples of integers (M, N, s), −∞ < M, N < ∞,
. From (6.4.2), we find that
which is same as (6.4.1).
Corollary 6.4.2. The identities (6.1.16) and (6.1.17) hold.
Proof. Setting k = 2, l = 1, z 1 = ζ/z, z 2 = ζz in Theorem 6.4.1 and then replacing 2β by β, we obtain a(γ, β, γ, ζ/z, ζz; q)
Finally, setting β = γ = 1 in the above identity and using (6.2.7), we obtain (6.1.16).
The identity (6.1.17) follows in a similar way.
Many identities follow from Theorem 6.4.1 that are analogues of (6.1.4), (6.1.8) and (6.1.9), for example Corollary 6.4.3. Let α, β and γ be integers.
(6.4.6) Observe that the identities (6.1.4), (6.1.8) and (6.1.9) follow immediately from (6.4.3) and (6.4.4).
The following corollary follows from Theorem 6.4.1 by setting β = 0 and γ = 1 and using (6.2.3):
Corollary 6.4.4. For any integers k and l, such that k > l > 0, we have
Many identities for certain products of theta functions follow from the above corollary, also many modular relations for the Rogers-Ramanujan type functions found in the literature can be obtained. For example, setting z 1 = z 2 = 1, in the above corollary, we get the following:
Corollary 6.4.5. For any integers k and l, such that k > l > 0, we have
The above corollary is a general form for the identities which are due to Cao [44, 6.5 Identities for the function b(α, β, γ, z 1 , z 2 ; q)
Theorem 6.5.1. For any integers β, γ, k and l such that k ≥ 1, k ≥ l ≥ 0 and
The proof of Theorem 6.5.1 follows in a similar way as the proof of Theorem 6.4.1.
One can easily prove the following corollary in a similar way as Corollary 6.4.2.
Corollary 6.5.2. The identity (6.1.18) holds.
Many identities, in terms of Ramnujan's theta functions, follow from Theorem 6.5.1 that are analogues of (6.1.10), for example Corollary 6.5.3. Let α, β and γ be integers.
(6.5.4)
Proof. The proof follows from Theorem 6.5.1 by selecting suitable values for k and l with help of Lemmas 5.1.3, 6.2.1 and (2.2.2).
6.6 Identities for the function c(α, β, γ, z 1 , z 2 ; q)
Theorem 6.6.1. For any integers β, γ, k and l such that k ≥ 1, k ≥ l ≥ 0 and
The proof of Theorem 6.6.1 follows using the same technique which is used in proving Theorem 6.4.1.
The following corollary follows in a similar way as Corollary 6.4.2.
Corollary 6.6.2. The identity (6.1.19) holds.
Many identities, in terms of Ramnujan's theta functions, follow from Theorem 6.6.1 that are analogues of (6.1.11), for example Corollary 6.6.3. Let α, β and γ be integers. + q 4γ/3 ϕ(−q 12(9γ−α) )ϕ(−q 12(α−γ) ) χ(−q 4(9γ−α) )χ(−q 4(α−γ) ) + q 16γ/3 ψ(−q 6(9γ−α) )ψ(−q 6(α−γ) )χ(q 2(9γ−α) )χ(q 2(α−γ) ).
(6.6.7) If 4γ > |β|, then c(4γ, β, γ, 1, 1; q 3 ) =q 2(4γ−β)/3 ϕ(q 6(4γ+β) )χ(q 2(4γ−β) )ψ(−q 6(4γ−β) ) + q (5γ+β)/3 ψ(q 3(4γ+β) )ϕ(−q 3(4γ−β) ) χ(−q 4γ−β ) + 2 q 4(5γ+β)/3 ψ(q 12(4γ+β) )ϕ(−q 12(4γ−β) ) χ(−q 4(4γ−β) ) . (6.6.8)
If 8γ > β > 0, then c(2β, −β, γ, 1, 1; q 3 ) =q 2(8γ−β)/3 ϕ(q 6β )χ(q 2(8γ−β) )ψ(−q 6(8γ−β) ) + q (γ+β)/3 ψ(q 3β )ϕ(−q 3(8γ−β) ) χ(−q 8γ−β ) + 2 q 4(γ+β)/3 ψ(q 12β )ϕ(−q 12(8γ−β) ) χ(−q 4(8γ−β) ) , (6.6.9) c(2β, β, γ, 1, 1; q 3 ) = 1 2 q γ/3 ϕ(−q 3(8γ−β) )ϕ(−q 3β ) χ(−q 8γ−β )χ(−q β ) − f (−q 8γ−β )f (−q β ) + q 4γ/3 ϕ(−q 12(8γ−β) )ϕ(−q 12β ) χ(−q 4(8γ−β) )χ(−q 4β ) + q 16γ/3 ψ(−q 6(8γ−β) )ψ(−q 6β )χ(q 2(8γ−β) )χ(q 2β ). (6.6.10)
Proof. The proof follows from Theorem 6.6.1 by selecting suitable values for k and l with help of Lemmas 5.1.3, 5.1.1, 2.2.2, (4.2.2) and (2.2.2).
Observe that the identity (6.1.11) can be obtained from (6.6.3) or (6.6.3).
The following corollary follows from Theorem 6.6.1 by setting β = 0 and γ = 1 and using (6.2.15):
Corollary 6.6.4. For any integers k and l, such that k > l > 0, we have f z 1 q 5l(k−l) , z The above identity seems to be new.
